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We investigate the dynamical interplay between topological state of matter and the non-Markovian
dissipation, which gives rise to a new time scale into the system dynamics due to its quantum
memory. We specifically study a one-dimensional polaronic topological superconductor with phonon-
dressed p-wave pairing, when a fast temperature increase in surrounding phonons induces an open-
system dynamics. We show that when the memory depth increases, the Majorana edge dynamics
transits from relaxing monotonically to a plateau of substantial value into a collapse-and-buildup
behavior, even when the polaron Hamiltonian is close to the topological phase boundary. Above a
critical memory depth, the system can approach a new dressed state of topological superconductor
in equilibrium with phonons, with a nearly full buildup of the Majorana correlation asymptotically.
Exploring topological properties out of equilibrium is
central in the effort to realize, probe and exploit topo-
logical states of matter in the lab [1–18]. A paradig-
matic scenario is where the topological system is coupled
to a Markovian bath [19–28], inducing open-dissipative
dynamics that is described by a Lindblad-form master
equation [29] for the time-evolved reduced system den-
sity operator. Yet, solid-state realizations of topological
matter often rely on nanotechnological design strategies
that restructure the environment by fine-tuning the cor-
responding frequency-dependent density of states. In this
case, the Markovian approximation usually fails, e.g. in
condensed-matter with nanostructured acoustic environ-
ments. Such non-Markovian situations can also occur
when trapped ultracold atoms are immersed into super-
fluids. Compared to Markovian scenarios, key differences
arise from the presence of quantum memory effect of non-
Markovian process: the information is lost from the sys-
tem to the environment but flows back at a later time.
This generates a new and critical time scale into the sys-
tem dynamics that is strictly absent in a Markovian con-
text, and raises the challenge as to what are the unique
dynamical consequences of the interplay between topo-
logical state of matter and the non-Markovian dissipa-
tion.
Here, we demonstrate that the quantum memory from
a non-Markovian parity-preserving interaction of a topo-
logical p-wave supercondutor with surrounding phonons
can give rise to intriguing edge mode relaxation dy-
namics with no Markovian counterpart. Our study is
based on the polaron master equation, describing open-
dissipative dynamics of a polaronic topological supercon-
ductor with phonon-renormalized Hamiltonian parame-
ters [see Fig. 1]. In contrast to Markovian decoherence
that typically destroys topological features for long times,
we show that a finite quantum memory allows for sub-
stantial preservation of topological properties away from
equilibrium, even when the polaron Hamiltonian is close
to the topological phase boundary [see Fig. 2 (b)]. De-
pending on the memory depth (i.e., the characteristic
time scale of the quantum memory), the Majorana edge
dynamics can monotonically relax to a plateau, or, it un-
dergoes a collapse-and-buildup relaxation [see Fig. 2 (c)].
Remarkably, when the memory depth increases above a
critical value, the Majorana correlation can nearly fully
build up, corresponding to a new polaronic state of topo-
logical superconductor in equilibrium with phonons.
Concretely, we consider the paradigmatic Kitaev’s p-
wave superconductor [30], with a superohmic coupling
to a 3D structured phonon bath. The total Hamilto-
nian is denoted by H0 = Hk + Hb (~ ≡ 1). The Ki-
taev Hamiltonian Hk =
∑N−1
l=1 [(−Jc
†
l cl+1 + ∆clcl+1) +
H.c.] − µ
∑N
l=1 c
†
l cl describes spinless fermions cl, c
†
l on
a chain of N sites l, with a nearest-neighbor tunneling
amplitude J ∈ R, pairing amplitude ∆ ∈ R, and chem-
ical potential µ. When |µ| < 2J and ∆ 6= 0, the su-
perconductor is in the topological regime featuring un-
paired Majorana edge modes γL = γ
†
L and γR = γ
†
R
at two ends [31], which exhibit a nonlocal correlation
θ = −i〈γLγR〉 = ±1 that corresponds to the fermionic
parity distinguishing the two degenerate ground states.
The chain is coupled to a 3D structured phonon reser-
voir with a parity-preserving interaction, described by
Hb =
∫
d3k
[
ωkr
†
k
rk+
∑N
l=1 gkc
†
l cl(r
†
k
+rk)
]
. Here, oper-
ator r
(†)
k
annihilates (creates) phonons with momentum
k and frequencies ωk = csk, where cs is the sound ve-
locity of the environment [32–40]. We choose a generic
superohmic fermion-phonon coupling gk which features
a frequency dependence modeled as a Gaussian func-
tion, gk = fph
√
k/(V σ2) exp
(
−k2/σ2
)
with a width σ
and a dimensionless amplitude fph ≪ 1. Such fermion-
phonon interactions can represent the coupling of elec-
2Figure 1. A polaronic Kitaev chain, with phonon-dressed
spinless fermions, exhibits a renormalized p-wave pairing
〈B〉∆ at temperature T [see Eq. (1)]. In the topological
ground state, two unpaired Majorana edge modes γL, γR
emerge. The coupling gk to structured phonon bath features
mode-dependence with a spectral width σ. The right panel
illustrates a Gaussian profile of gk in the momentum space
(see text), respectively, for σ = 0.2 (green) and σ = 0.6 (red).
trons with acoustic phonons in relevant solid-state ex-
periments and protocol proposals [41–53], and in ultra-
cold atoms, can arise from coupling fermionic lattice to
Bose-Einstein condensate inducing p-wave superconduc-
tivity [54–56]. We consider the topological superconduc-
tor and bath are initially in equilibrium at low tempera-
tures, before a sudden increase in the bath temperature
induces an open-system dynamics.
Polaron master equation. The interactions with
the structured reservoir result in non-Markovian open-
system dynamics, whose description - particularly on
long-time scales - is a challenge due to unfavorable scal-
ing of the Hilbert space dimension. At the heart of our
following solution lies the polaron representation of the
coupled system [see Fig. 1]: We derive a master equa-
tion in second-order perturbation theory of the dressed-
state system-reservoir Hamiltonian tracing out phonons,
whilst retaining the coherent process (i.e., higher or-
der contributions) from the fermion-phonon interaction
through phonon-renormalized Hamiltonian parameters,
thus efficiently accounting for the non-Markovian and po-
tentially strongly coupled character of the dynamics [57–
69].
Defining collective bosonic operators R† =∫
dk (gk/ωk)r
†
k
, we apply a polaron transforma-
tion Up = exp[
∑N
l=1 c
†
l cl(R
† − R)], which results
in c†l → e
−(R−R†)c†l that describes phonon dress-
ing of fermions. The transformed total Hamiltonian
Hp ≡ UpH0U
−1
p is derived as
Hp =
N−1∑
l=1
[
− Jc†l cl+1 +∆e
−2(R−R†)c†l+1c
†
l +H.c.
]
− µ
N∑
l=1
c†l cl +
∫
d3k ωkr
†
k
rk. (1)
Thus the considered fermion-phonon interaction results
in a polaronic Kitaev chain featuring phonon-dressed
p-wave pairing, with phonon-induced quantum fluctua-
tions. Note that the polaron transformation also renders
an energy renormalization which has been canceled by a
counter term in Eq. (1) [57, 70]. This is justified given
the coupled system is initially at equilibrium in present
study.
Before tracing out the phononic degrees of freedom,
we rewrite Eq. (1) as Hp = Hp,s + Hp,I + Hp,b with
Hp,b =
∫
dk ωkr
†
k
rk for the reservoir. To recover the
bare Kitaev Hamiltonian dynamics for the limiting case
gk → 0, we introduce a Franck-Condon renormalization
of Hp,I satisfying TrB{[Hp,I, ρ(t)]} = 0, with ρ(t) denot-
ing the total density operator. The renormalized system
Hamiltonian Hp,s is given by
Hp,s=
N−1∑
l=1
[
−Jc†l cl+1+∆〈B〉c
†
l+1c
†
l+H.c.
]
−µ
N∑
l=1
c†l cl, (2)
where the paring renormalization factor is given explic-
itly below. And the system-reservoir interaction in the
polaron picture reads Hp,I = ∆
∑N−1
l=1 [(e
−2(R−R†) −
〈B〉)c†l+1c
†
l +H.c.].
Crucially, we will treat Hp,I in the following perturba-
tively in second-order Born theory, as we are interested
in phonon equilibration time scales much faster than the
system dynamics so that dynamical decoupling effects
cannot occur [57, 62]. We then derive the polaron mas-
ter equation for the reduced system density matrix ρS(t)
of the polaron chain, obtaining (Suppl. Mat.)
∂tρS(t) = −i [Hp,s, ρS(t)]
− 〈B〉
2
∫ t
0
dτ
{
(cosh [φ(τ)] − 1) [Xa, Xa(−τ)ρS(t)]
− sinh [φ(τ)] [Xb, Xb(−τ)ρS(t)] + H.c.
}
. (3)
Here Xa = −J
∑N−1
l=1 (c
†
l c
†
l+1 + cl+1cl) and
Xb = J
∑N−1
l=1 (c
†
l c
†
l+1 − cl+1cl) denote collective system
operators, whose dynamics obeys a time-reversed unitary
evolution governed by the renormalized Hamiltonian
Hp,s, Xa,b(−τ) ≡ e
−iHp,sτXa,be
iHp,sτ (Suppl. Mat.). The
φ(τ) represents the phonon correlation function, φ(τ) =∫
d3k |2gk(σ)/ωk|
2{coth [~ωk/(2kBT )] cos (ωkτ) −
i sin(ωkτ)}, with kB the Boltzmann constant. The
renormalization factor 〈B〉 in Eq. (2) is determined by
the initial phonon correlation, 〈B〉 = exp[−φ(0)/2], with
temperature dependence.
Equation (3) provides the key equation for our study.
It features a phonon-renormalized Hamiltonian Hp,s de-
scribing polarons, which exhibits temperature depen-
dence, and a non-Markovian dissipative term in the form
of a memory kernel, which involves both reservoir and
system correlators φ(τ) and Xa,b(−τ), respectively, with
a finite memory depth determined by the lifetime of φ(τ).
The memory depth critically depends on the bandwidth
σ of fermion-phonon coupling gk [see Fig. 2 (a)]: a larger
σ results in a faster decay of φ(t) and hence a smaller
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Figure 2. Non-Markovian dynamics of polaronic topological superconductor. (a) Phonon correlation function φ(τ ) for band-
width σ = 0.2 (green) and σ = 0.6 (red) of the fermion-phonon coupling gk. (b) Comparisons of Majorana correlation θ(t)
calculated using, respectively, time-independent Lindblad-type master equation for dephasing (solid black), Eq. (3) in the
Markovian limit (blue), Eq. (3) with full account of memory (orange). The dashed black line shows asymptotic θ(t) in a
coherent quench scenario ∆→ ∆〈B〉. (c) Non-Markovian dynamics of θ(t) for various bandwidth σ of phonon coupling. Corre-
sponding steady-state value θ(t∞) is shown as a function of σ in the inset. In all plots, the amplitude of gk is taken as fph = 0.1,
and phonon modes within k ∈ [0.0, 4.0] nm−1 are considered. Due to the numerically very expensive size of the density matrix
and its memory kernel, computations are performed for N = 4 sites.
memory size, but it also leads to a smaller φ(0) and
thus a larger 〈B〉 in both Hp,s and the prefactor of the
memory kernel. In the limit when the system evolves
much slower than the phonons, one can approximate
Xa,b(−τ) ≈ Xa,b, and Eq. (3) transits into a Markovian
type of master equation with a time-dependent dephas-
ing rate γ(t).
Below we investigate the Majorana edge correlation
θ(t) = −iTr [ρs(t)γLγR] based on Eq. (3), starting from
a factorizing system-bath state. For concreteness, we as-
sume the system is initially at zero temperature in the
ground state of a dressed Kitaev Hamiltonian with ∆ = J
and µ = 0, exhibiting even parity θ(0) = 1. Then, a fast
increase of temperature to T = 4K results in ∆→ ∆〈B〉
of the dressed Hamiltonian, thus inducing the dynamics
of polaron chain for times t > 0.
Markovian limit. In the Markovian limit Xa,b(−τ) ≈
Xa,b(0) of Eq. (3), the edge correlation θ(t) rapidly de-
cays to a very small but finite value [blue line in Fig. 2
(b)]. This is expected because dressing fermions with fast
phonons induces dephasing, as has been familiar from
Markovian decoherence based on time-independent Lind-
blad operator [see e.g., Ref. [71] and black line in Fig. 2
(b)]. Still, the non-Markovian character of the structured
bath leads to a small residue correlation.
Memory: loss vs. rephasing of topological properties.
However, the picture drastically changes when taking
into account the full memory including the system’s past
Xa,b(−τ), as a highly non-Markovian interplay between
system and reservoir unfolds. The orange line in Fig. 2
(b) shows the non-Markovian dynamics for σ = 0.6 corre-
sponding to 〈B〉 = 0.07: The Majorana edge correlation
still decays (orange), in an oscillatory manner, but it re-
laxes to a substantial value as opposed to the Markovian
limit (blue). Considering the small system size in our
computation, we have verified that such asymptotic non-
local correlation is genuinely of topological origin, rather
than phonon-mediated long range correlations (Suppl.
Mat.).
The long lived and substantial Majorana correlation in
Fig. 2 (b) is quite remarkable, given that Hp,s is near the
topological phase boundary due to a significantly sup-
pressed renormalized pairing ∆ 〈B〉 ≪ ∆. Indeed, with-
out the dissipation in Eq. (3), the dynamics formally re-
duces to that of a coherent quench in the pairing from
∆ to ∆ 〈B〉. There, the Majorana correlation would ap-
proach an asymptotic value determined by the overlap
of the edge mode wave functions for the pre- and post-
quench topological Hamiltonians [25], which is small if
the post-quench Hamiltonian is close to the phase bound-
ary [see dashed black line in Fig. 2 (b)]. This is sig-
nificantly different from the non-Markovian behavior in
Fig. 2 (b) and underscores the essential role of the finite
memory.
A unique feature of the memory effect is that it,
because of the dependence on both φ(τ) and the
reversed dynamics of system correlations Xa,b(−τ),
simultaneously introduces decoherence and backflow
of coherence. The dynamical consequence of this
two competing processes can be intuitively under-
stood as follows: The dressed Kitaev wire initially in
its ground state is perturbed by a temperature in-
crease to T , resulting in a renormalization of the po-
laron chain towards the phase boundary via φ(0) =
4∫
dk |2gk(σ)/ωk|
2 coth (~ωk/(2kBT )), which generates
significant bulk excitations and populates the Majorana
edge mode, changing the parity of Majorana states.
Combined with phonon-assisted dephasing, this leads to
strong decoherence in the polaronic Kitaev wire. On the
other hand, the reversed dynamics of Xa,b(−τ) acts to
reinstate coherence of the p-wave pairing that is the key
ingredient for topological wire. Such rephasing effect is
marginal at times smaller than the characteristic time of
the memory, so an irreversible loss of parity information
dominates the short-time dynamics. Yet φ(τ) proceeds
to decay over time, as its sine and cosine functions tend
to cancel each other. Once φ(τ) approaches zero at large
times, the memory reaches its full depth and the rephas-
ing of topological properties grows due to Xa,b(−τ), giv-
ing considerable Majorana correlation in Fig. 2 (b).
Critical memory depth. We find the edge dynamics can
exhibit distinct relaxation behavior depending crucially
on the memory depth, tunable through the bandwidth
σ of fermion-phonon coupling. Figure 2 (c) presents the
non-Markovian dynamics of θ(t) for various σ. Com-
pared to σ = 0.6 [orange line of Fig. 2 (b)], an initial
decrease of σ results in a steeper monotonic decay of θ(t)
and a smaller asymptotic value [blue lines in Fig. 2 (c)].
However, when σ decreases further, the monotonic relax-
ation begins to transit into a non-monotonic one: While
the short-time decoherence is accelerated, a buildup of
edge correlation nonetheless occurs at some large times
(purple line). Such buildup becomes stronger with de-
creased σ, approaching an asymptotic value larger than
the σ = 0.6 case [turquoise and green lines]. Strikingly,
once σ surpasses a critical value, the asymptotic Majo-
rana correlation approaches θ(t∞)→ 1 [orange and dot-
ted red lines]. Figure 2 (c) summarizes the nonmono-
tonic variation of the asymptotic Majorana correlation
θ(t∞): When σ decreases from a large value, θ(t∞) first
decreases to a minimum and then increases toward unity.
Insights into above intriguing behavior can be obtained
from the fact that reducing σ leads to an increased mem-
ory size at the cost of a smaller 〈B〉 = exp[−φ(0)/2] [see
Fig. 2 (a)]; the former enhances the time scale of the time-
reversed evolution of Xa,b(−τ) and hence the rephasing
of paring, whereas the latter further suppresses the super-
conducting gap renderingHp,s closer to the phase bound-
ary as well as weakens the memory strength. When σ is
initially decreased from 0.6, the latter effect dominates,
aggravating the decay. With further reduction of σ, how-
ever, the former rephasing effect grows, allowing phonons
and fermions to synchronize and hence backflow of parity
information. Consequently, a new dressed state manages
to emerge, with buildup of Majorana correlation start-
ing to dominate over decoherence. Importantly, the ex-
istence of a critical σ indicates a critical memory depth,
above which the system asymptotically approaches a new
polaronic state of topological superconductor that is in
equilibrium with phonons at T = 4K, where θ ≈ 1. The
-0.5
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Figure 3. Non-Markovian Majorana dynamics for renormal-
ized Hamiltonian Hp,s in the presence of weak p-wave interac-
tion, Hint = U
∑N−1
l=1 (c
†
l cl − 1/2)(c
†
l+1cl+1 − 1/2). Other pa-
rameters, as well as initial conditions, are the same as Fig. 2.
critical value of σ in our case is between 0.21 and 0.20
corresponding to 〈B〉 = 0.01, but it is model specific. We
note that the fermion-phonon coupling bandwidth can be
controlled, such as in solid state setups by nanotechno-
logical design, e.g. alloys, impurities and confinement
potentials [72–75].
Concluding discussions. The central results of our
work shown in Fig. 2 are found to be robust for initially
non-ideal Kitaev chains and other forms of superohmic
coupling (Suppl. Mat.). Moreover, we find that the pres-
ence of a weak attractive p-wave interaction can strongly
suppress the phonon-induced short-time parity loss, thus
augmenting the buildup of Majorana correlation for sub-
critical memory depth. In Fig. 3, we calculate non-
Markovian evolution of θ(t) by including a weak p-wave
interaction, Hint = U
∑N−1
l=1 (c
†
l cl − 1/2)(c
†
l+1cl+1 − 1/2)
with interaction strength |U | ≪ 1, in Hp,s of Eq. (3) for
σ = 0.6. Compared to the U = 0 case (blue line), adding
a weak attractive interaction U < 0 damps out oscilla-
tions and, in particular, strongly mitigates the transient
decay. Depending on |U |, the asymptotic Majorana cor-
relation can be significantly increased (orange and red
lines). An intuitive understanding can be obtained by
noting that the attractive interaction is energetically fa-
vorable for coherent formation of superconducting pair-
ing, which provides a mechanism to counteract afore-
mentioned phonon-induced dephasing. This is consistent
with the observation that for U > 0, θ(t) significantly
declines from the U = 0 case at long times (purple line),
as repulsive interactions energetically suppress pairing.
Summarizing, we have demonstrated memory-critical
edge dynamics in a topological superconductor with non-
Markovian interaction with phonons. We show these
intriguing phenomenon uniquely arises from the inter-
play between phonon-renormalized topological Hamilto-
nian and the quantum memory effect that simultaneously
induces dephasing and information backflow. Our analy-
sis is based on Kitaev chain, but we expect the essential
physics to occur for a wide class of topological materials
coupled to a superohmic reservoir. These discussions are
5different from recent work [76–79], e.g., where the reser-
voir is a topological material while an impurity or a qubit
coupled to it acts as a non-Markovian quantum probe.
Our result is relevant to ongoing efforts aimed at realizing
topological computations in experimentally realistic con-
ditions where non-Markovian effect is inevitable. It fur-
ther opens an appealing prospect as to the explorations
and control of memory-dependent topological phenom-
ena.
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